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Abstract.

Electromechanical actuators (EMAs) are increasingly being considered as replacements for
hydraulic systems in mobile machinery due to electrification trends and efficiency requirements.
Conventional EMA design approaches select representative steady-state operating points
from the drive cycle, potentially yielding suboptimal designs when systems must operate
over wide dynamic ranges. This paper explores the benefits of incorporating full drive-cycle
dynamics into the preliminary design process using a bilevel optimization framework. A
simplified hypothetical crane drive cycle demonstrates the approach by comparing dynamic
optimization against the more conventional static multi-design-point optimization. Despite
a higher computational cost per optimization round, the dynamic approach consistently
outperformed the static approach, achieving not only copper losses that are four times lower
than using the static optimization approach, but also smaller diameter, and superior trajectory
tracking while respecting voltage and current limits. It is shown that the performance advantages
persist when evaluated on drive cycles outside the optimized one. While the simplified models
(neglecting iron losses, thermal limits, and saturation effects) limit direct applicability to real
designs, the results demonstrate significant potential benefits of drive-cycle-aware optimization
for preliminary EMA design in mobile machinery applications.
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1. Introduction
With the current global trend towards electrification and stricter regulations on emissions,
mobile machinery is being pushed towards being electrically driven. Since current battery
technology has lower power density than traditional fuel-driven solutions, the efficiency of the
actuators is now becoming a much more relevant design goal. This is one of the reasons why
electromechanical actuators (EMAs) are now being considered as, to some extent, replacements
for hydraulics in mobile machinery.

Designing an EMA can be framed as a complex optimization problem that needs to consider
several physical domains. Optimality in this context can often be framed as maximizing the
power density of the actuator and its efficiency while ensuring that the relevant constraints are
met or not exceeded, e.g., maximum current and desired power. Most systems in engineering can
be precisely described by nonlinear differential equations. Dealing with differential equations
in preliminary design is, however, difficult, and it is a common practice to simplify the design
process by considering only static or steady-state behavior. To this end, the designer needs to
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choose a design point that is representative of the system’s operation range. In cases where the
system operates in a wide range of conditions, as in EMAs for mobile machinery, this choice is
by no means trivial, and this approach can lead to suboptimal designs.

In reality, the designer is either attempting to optimize the performance of the system
over the entire drive cycle on which the EMA will operate or a significant reference drive
cycle exemplified for a lorry crane application in [1]. In any case, for drive cycles that require
significant transient behavior of the system, it is reasonable to expect that considering the full
dynamics of the system can lead to better designs than using steady state approaches. The main
goal of this paper is to show that this is indeed the case.

1.1. Previous Work
Considering more of the drive cycle in design has been proposed by several authors in different
ways. For instance, [2] proposed a convex model fitted on high-fidelity simulation data to
allow efficient convex optimization and global optimum results. The approach considers a
simplified dynamical model, thus attempting to be more representative of the system behavior.
Another approach is to somehow aggregate several different steady state operating points into
some that are then used to design the electrical machine, this is the approach of [3], where the
energy center of gravity (ECG) of the torque-speed plot is used to create 8 clusters, which are
then weighted according to their energy usage in the drive cycle and then have their centers
used as steady state design points. Another example of this approach is [4], which uses a
multi-objective optimization approach to optimize the design of a PMSM considering multiple
operating points and uses simple formulas to estimate the transient losses in the optimization
problem. However, all those methods have strong simplifying assumptions about the true
dynamics of the system.

The main challenge in the attempt to consider the full dynamics of the system in the
design process is that the output of the system depends on the control input, and if one chooses
a suboptimal control strategy, the performance of the system will be underestimated. The
problem of finding an optimal control strategy for a given system is known as an optimal
control problem (OCP), which is known to be numerically difficult to solve in the nonlinear
case [5, 6]. Considering the optimization of the system parameters together with the control
inputs is thus expected to be an even more sensitive and hard problem.

However, when one considers linear systems with quadratic cost functionals in the state
deviations and control inputs, known as the Linear Quadratic Regulator (LQR) problem [5,
6], the problem has an analytical solution. Although the LQR problem is designed for linear
systems, it can be used to design controllers for nonlinear systems with the usage of some form
of linearization technique, giving a controller that in practice works well for a wide range of
operating conditions in many applications.

1.2. Contribution
To address the conjoint optimization of an EMA and the solution of the OCP in a sensible
way, in this work, a two-step optimization process is used. The lower problem is a standard
OCP, which, for a given system, finds the optimal control inputs that minimize a relevant cost
functional. The upper problem then chooses the system parameters to minimize a cost function
that penalizes energy loss, tracking error and the size of the EMA, which is evaluated by
solving the lower OCP. Dividing the optimization as described is known as bilevel optimization
and has been used in several applications [7]. In this way, it is possible to directly consider the
full dynamics of the system in the design process. To simplify the OCP problem, a standard
field-oriented control with feedback linearization and P controllers for the currents and velocity
and a PI controller for the position are used. The controller gains are chosen using the LQR
method on an error system, allowing the efficient solution of the internal OCP for a given set
of system parameters.
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As a proof of concept, this paper explores the potential benefits of considering the full
dynamics of the system in the preliminary design of an EMA for a simplified hypothetical
loader crane drive cycle. A standard PMSM model from [8] with parameters calculated from
physical dimensions is considered, together with very simple models for the gears and ball
screw. The approach is then compared to using only some relevant design points considering
only the steady-state dynamics of the system, analogous to the approach of [4]. The PMSM
model used in this work neglects several effects that are present in real machines, such as
saturation, thermal limits, eddy currents, hysteresis losses and non-sinusoidal magnetic field
distributions. The same can be said about the mechanical components, their models are overly
simplified to be useful in the design of a real EMA. However, the models are considered to be
sufficient for the purpose of this work, which is to explore the potential benefits of considering
the full dynamics of the system in the design of an EMA for a hypothetical drive cycle.

The results show that the EMA optimized considering the full system dynamics dissipates
four times less energy to follow the design trajectory, all while being able to respect the
electrical constraints and having the desired geometry.

2. Electro-mechanical Actuator Model
The EMA model consists of a PMSM, a gearbox and a ball screw and is shown schematically
in Figure 2.1. In the following subsections, the model of each component is described in detail.

PMSM Gearbox Ball Screw Load
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rad/s
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rad/s
N
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Electrical

Input
Mechanical

Output

Figure 2.1 Schematic representation of the EMA system considered. The PMSM drives a
ball screw through a gearbox, which then moves a load linearly. The electrical subsystem is
represented on the left, while the mechanical subsystem is represented on the right. The arrows
indicate the power flows in the system.

2.1. Permanent Magnet Synchronous Machine
The PMSM model is traditionally composed of electro-mechanical constants that are usually
obtained from experimental data or finite element analysis. In this work, however, the PMSM
parameters are estimated from simplified physical considerations of the motor geometry and
magnetic field distribution. This not only allows a more direct connection between the physical
dimensions of the motor and its performance but also has very low computational complexity.
The model follows the developments in [8] closely, with the additional parametrization for the
torque constant 𝐾𝐾𝑚𝑚 and stator resistance 𝑅𝑅𝑆𝑆 from physical dimensions, which are not directly
given in the reference. The PMSM model assumes a sinusoidal magnetic field distribution, no
saturation, eddy current or hysteresis losses and is given by the following set of differential
equations in the stator reference frame [8]:

𝑑𝑑𝑑𝑑𝑟𝑟

𝑑𝑑𝑑𝑑
= 𝜔𝜔𝜔

𝐽𝐽
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝐾𝐾𝑚𝑚

(
−𝑖𝑖𝑆𝑆𝑆𝑆 sin(𝑛𝑛𝑝𝑝𝜃𝜃𝑟𝑟 ) + 𝑖𝑖𝑆𝑆𝑆𝑆 cos(𝑛𝑛𝑝𝑝𝜃𝜃𝑟𝑟 )

)
− 𝑓𝑓 (𝜔𝜔) − 𝜏𝜏𝐿𝐿 ,

𝐿𝐿𝑆𝑆

𝑑𝑑𝑑𝑑𝑆𝑆𝑆𝑆

𝑑𝑑𝑑𝑑
= −𝑅𝑅𝑆𝑆𝑖𝑖𝑆𝑆𝑆𝑆 + 𝐾𝐾𝑚𝑚 sin(𝑛𝑛𝑝𝑝𝜃𝜃𝑟𝑟 )𝜔𝜔 + 𝑢𝑢𝑆𝑆𝑆𝑆,

𝐿𝐿𝑆𝑆

𝑑𝑑𝑑𝑑𝑆𝑆𝑆𝑆

𝑑𝑑𝑑𝑑
= −𝑅𝑅𝑆𝑆𝑖𝑖𝑆𝑆𝑆𝑆 − 𝐾𝐾𝑚𝑚 cos(𝑛𝑛𝑝𝑝𝜃𝜃𝑟𝑟 )𝜔𝜔 + 𝑢𝑢𝑆𝑆𝑆𝑆 .

(2.1)

where 𝜃𝜃𝑟𝑟 is the rotor position, 𝜔𝜔 is the rotor angular velocity, 𝑖𝑖𝑆𝑆𝑆𝑆 and 𝑖𝑖𝑆𝑆𝑆𝑆 are the stator currents
in phases a and b, 𝑢𝑢𝑆𝑆𝑆𝑆 and 𝑢𝑢𝑆𝑆𝑆𝑆 are the stator voltages in phases a and b, 𝐽𝐽 is the rotor inertia,
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𝐾𝐾𝑚𝑚 is the motor torque constant, 𝑛𝑛𝑝𝑝 is the number of pole pairs. 𝐿𝐿𝑆𝑆 is the stator inductance,
𝑅𝑅𝑆𝑆 is the stator resistance, 𝑓𝑓 (𝜔𝜔) is a friction model and 𝜏𝜏𝐿𝐿 is the load torque.

The derivation of 𝐿𝐿𝑆𝑆 closely follows the developments in [8]. Both 𝐿𝐿𝑆𝑆 and 𝐾𝐾𝑚𝑚 assume a
full-pinched winding, but the model can be adapted to short-pinched or long-pinched windings
by adding the winding factor 𝜅𝜅𝑤𝑤 to the equations for 𝐿𝐿𝑆𝑆 and 𝐾𝐾𝑚𝑚.

2.1.1. Stator Inductance from Physical Dimensions
For the parameters calculation, assume that the magnetic field distribution in the air gap is
approximated by a sinusoidal distribution for each phase. Following [8], the total magnetic
field in the air gap due to the stator currents is then given by

𝑩𝑩𝑠𝑠 (𝑖𝑖𝑆𝑆𝑆𝑆, 𝑖𝑖𝑆𝑆𝑆𝑆, 𝑟𝑟𝑟 𝑟𝑟) = 𝑩𝑩𝑆𝑆𝑆𝑆 + 𝑩𝑩𝑆𝑆𝑆𝑆 =
𝜇𝜇0𝑁𝑁𝑠𝑠𝑟𝑟𝑟𝑟

2𝑔𝑔
1
𝑟𝑟
(𝑖𝑖𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃) + 𝑖𝑖𝑆𝑆𝑆𝑆 sin(𝜃𝜃)) 𝒆𝒆𝑟𝑟 , (2.2)

where 𝜇𝜇0 is the permeability of free space, 𝑁𝑁𝑠𝑠 is the number of turns per phase, 𝑟𝑟𝑟𝑟 is the rotor
radius, 𝑔𝑔 is the air gap length, 𝑟𝑟 is the radial position in the air gap, 𝜃𝜃 is the angular position
in the air gap, and 𝒆𝒆𝑟𝑟 is the radial unit vector. The magnets in the rotor of the PMSM are
distributed such that the magnetic field in the air gap generated by the rotor is also sinusoidal,
thus

𝑩𝑩𝑅𝑅 = 𝐵𝐵𝑚𝑚

𝑟𝑟𝑟𝑟

𝑟𝑟
cos(𝜃𝜃 − 𝜃𝜃𝑟𝑟 )𝒆𝒆𝑟𝑟 , (2.3)

where 𝐵𝐵𝑚𝑚 is the peak magnetic field in the air gap generated by the rotor.
The total flux linkage of the stator describes how much magnetic flux flows through the

stator windings and is a useful quantity to calculate 𝐾𝐾𝑚𝑚 and 𝐿𝐿𝑆𝑆 . It is defined as

𝜆𝜆𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝜃𝜃𝑅𝑅) = 𝑠𝑠𝜆𝜆𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝜃𝜃𝑟𝑟 ) + 𝑟𝑟𝜆𝜆𝑆𝑆𝑆𝑆 (𝜃𝜃𝑟𝑟 ) =
∫
L𝑆𝑆𝑆𝑆

𝑩𝑩𝑠𝑠𝑑𝑑𝑺𝑺 +
∫
L𝑆𝑆𝑆𝑆

𝑩𝑩𝑅𝑅𝑑𝑑𝑺𝑺, (2.4)

where 𝒊𝒊𝑠𝑠 =

𝑖𝑖𝑆𝑆𝑆𝑆 𝑖𝑖𝑆𝑆𝑆𝑆

𝑇𝑇 and L𝑆𝑆𝑆𝑆 is a set of surfaces that envelops all stator windings of phase
𝑎𝑎. To calculate 𝑠𝑠𝜆𝜆𝑆𝑆𝑆𝑆, one calculates the flux in a single loop of the stator and then integrates
over all loops. If the given loop is at an angle 𝜃𝜃 from the 𝑎𝑎 phase of the stator, then its other
side is, considering full-pinched windings, at 𝜃𝜃 − 𝜋𝜋. Thus, the flux in the cylindrical surface is
given, for the 𝑎𝑎 phase of the stator, by

𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝜃𝜃) =
∫ 𝜃𝜃

𝜃𝜃−𝜋𝜋

∫ 𝑙𝑙1

0
𝑩𝑩𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝜃𝜃) |𝑟𝑟𝑠𝑠 𝒆𝒆𝒓𝒓 · (𝑟𝑟𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝒆𝒆𝒓𝒓 ) =

𝜇𝜇0𝑟𝑟𝑟𝑟 𝑙𝑙1𝑁𝑁𝑠𝑠

𝑔𝑔
(𝑖𝑖𝑆𝑆𝑆𝑆 sin(𝜃𝜃) − 𝑖𝑖𝑆𝑆𝑆𝑆 cos(𝜃𝜃)) .

(2.5)
The flux linkage 𝑠𝑠𝜆𝜆𝑆𝑆 between 𝜃𝜃 and 𝜃𝜃 + 𝑑𝑑𝑑𝑑 is then given by multiplying by turns density
distribution, as

𝑑𝑑 𝑠𝑠𝜆𝜆𝑆𝑆𝑆𝑆 = 𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝑟𝑟𝑟 𝑟𝑟)
𝑁𝑁𝑠𝑠

2
sin(𝜃𝜃)𝑑𝑑𝑑𝑑 =

𝜇𝜇0𝑟𝑟𝑟𝑟 𝑙𝑙1𝑁𝑁𝑠𝑠

𝑔𝑔
(𝑖𝑖𝑆𝑆𝑆𝑆 sin(𝜃𝜃) − 𝑖𝑖𝑆𝑆𝑆𝑆 cos(𝜃𝜃)) 𝑁𝑁𝑠𝑠

2
sin(𝜃𝜃)𝑑𝑑𝑑𝑑𝑑

(2.6)
where the 𝑁𝑁𝑠𝑠

2 sin(𝜃𝜃) term comes from the winding distribution in the stator. Integrating
Equation (2.6) from 0 to 𝜋𝜋 gives the total flux linkage in phase 𝑎𝑎 of the stator due to the stator
magnetic field, which is given by

𝑠𝑠𝜆𝜆𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠) =
𝜇𝜇0𝑟𝑟𝑟𝑟 𝑙𝑙1𝜋𝜋𝜋𝜋

2
𝑠𝑠

4𝑔𝑔
𝑖𝑖𝑆𝑆𝑆𝑆 =

𝜇𝜇0𝑙𝑙1𝑙𝑙2𝜋𝜋𝜋𝜋
2
𝑠𝑠

8𝑔𝑔
𝑖𝑖𝑆𝑆𝑆𝑆 := 𝐿𝐿𝑆𝑆𝑖𝑖𝑆𝑆𝑆𝑆, (2.7)

where 𝑙𝑙2 = 2𝑟𝑟𝑟𝑟 is the stator diameter. Equation (2.7) defines the stator inductance 𝐿𝐿𝑆𝑆 . The flux
linkage in phase 𝑏𝑏 of the stator can be calculated in a similar way, giving the same result for
𝐿𝐿𝑆𝑆 .
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stator windings and is a useful quantity to calculate 𝐾𝐾𝑚𝑚 and 𝐿𝐿𝑆𝑆 . It is defined as

𝜆𝜆𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝜃𝜃𝑅𝑅) = 𝑠𝑠𝜆𝜆𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝜃𝜃𝑟𝑟 ) + 𝑟𝑟𝜆𝜆𝑆𝑆𝑆𝑆 (𝜃𝜃𝑟𝑟 ) =
∫
L𝑆𝑆𝑆𝑆

𝑩𝑩𝑠𝑠𝑑𝑑𝑺𝑺 +
∫
L𝑆𝑆𝑆𝑆

𝑩𝑩𝑅𝑅𝑑𝑑𝑺𝑺, (2.4)

where 𝒊𝒊𝑠𝑠 =

𝑖𝑖𝑆𝑆𝑆𝑆 𝑖𝑖𝑆𝑆𝑆𝑆

𝑇𝑇 and L𝑆𝑆𝑆𝑆 is a set of surfaces that envelops all stator windings of phase
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given, for the 𝑎𝑎 phase of the stator, by

𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝜃𝜃) =
∫ 𝜃𝜃

𝜃𝜃−𝜋𝜋

∫ 𝑙𝑙1

0
𝑩𝑩𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝜃𝜃) |𝑟𝑟𝑠𝑠 𝒆𝒆𝒓𝒓 · (𝑟𝑟𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝒆𝒆𝒓𝒓 ) =

𝜇𝜇0𝑟𝑟𝑟𝑟 𝑙𝑙1𝑁𝑁𝑠𝑠

𝑔𝑔
(𝑖𝑖𝑆𝑆𝑆𝑆 sin(𝜃𝜃) − 𝑖𝑖𝑆𝑆𝑆𝑆 cos(𝜃𝜃)) .

(2.5)
The flux linkage 𝑠𝑠𝜆𝜆𝑆𝑆 between 𝜃𝜃 and 𝜃𝜃 + 𝑑𝑑𝑑𝑑 is then given by multiplying by turns density
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𝑑𝑑 𝑠𝑠𝜆𝜆𝑆𝑆𝑆𝑆 = 𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠 , 𝑟𝑟𝑟 𝑟𝑟)
𝑁𝑁𝑠𝑠

2
sin(𝜃𝜃)𝑑𝑑𝑑𝑑 =

𝜇𝜇0𝑟𝑟𝑟𝑟 𝑙𝑙1𝑁𝑁𝑠𝑠

𝑔𝑔
(𝑖𝑖𝑆𝑆𝑆𝑆 sin(𝜃𝜃) − 𝑖𝑖𝑆𝑆𝑆𝑆 cos(𝜃𝜃)) 𝑁𝑁𝑠𝑠

2
sin(𝜃𝜃)𝑑𝑑𝑑𝑑𝑑

(2.6)
where the 𝑁𝑁𝑠𝑠

2 sin(𝜃𝜃) term comes from the winding distribution in the stator. Integrating
Equation (2.6) from 0 to 𝜋𝜋 gives the total flux linkage in phase 𝑎𝑎 of the stator due to the stator
magnetic field, which is given by

𝑠𝑠𝜆𝜆𝑆𝑆𝑆𝑆 (𝒊𝒊𝑠𝑠) =
𝜇𝜇0𝑟𝑟𝑟𝑟 𝑙𝑙1𝜋𝜋𝜋𝜋

2
𝑠𝑠

4𝑔𝑔
𝑖𝑖𝑆𝑆𝑆𝑆 =

𝜇𝜇0𝑙𝑙1𝑙𝑙2𝜋𝜋𝜋𝜋
2
𝑠𝑠

8𝑔𝑔
𝑖𝑖𝑆𝑆𝑆𝑆 := 𝐿𝐿𝑆𝑆𝑖𝑖𝑆𝑆𝑆𝑆, (2.7)

where 𝑙𝑙2 = 2𝑟𝑟𝑟𝑟 is the stator diameter. Equation (2.7) defines the stator inductance 𝐿𝐿𝑆𝑆 . The flux
linkage in phase 𝑏𝑏 of the stator can be calculated in a similar way, giving the same result for
𝐿𝐿𝑆𝑆 .

5

2.1.2. Torque Constant from Physical Dimensions
To get the rotor flux linkage, it is important to account for the leakage 𝜅𝜅 in the magnetic field.
Following [8], the rotor flux linkage at the stator side is given by modifying Equation (2.3) to

𝑩𝑩𝑅𝑅 |𝑟𝑟𝑠𝑠 = 𝜅𝜅𝜅𝜅𝑚𝑚

𝑟𝑟𝑟𝑟

𝑟𝑟𝑠𝑠
cos(𝜃𝜃 − 𝜃𝜃𝑟𝑟 )𝒆𝒆𝑟𝑟 , (2.8)

where 𝑟𝑟𝑠𝑠 is the stator radius.
To calculate 𝑟𝑟𝜆𝜆𝑆𝑆𝑆𝑆, the same approach as in the stator flux linkage is used. The flux in a

single loop of the stator at angle 𝜃𝜃 is given by

𝑟𝑟𝜙𝜙𝑅𝑅𝑅𝑅 =
∫ 𝜃𝜃

𝜃𝜃−𝜋𝜋

∫ 𝑙𝑙1

0
𝜅𝜅𝜅𝜅𝑚𝑚

𝑟𝑟𝑟𝑟

𝑟𝑟𝑠𝑠
cos(𝜃𝜃 − 𝜃𝜃𝑟𝑟 )𝑟𝑟𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 2𝜅𝜅𝜅𝜅𝑚𝑚𝑙𝑙1𝑟𝑟𝑟𝑟 sin(𝜃𝜃 − 𝜃𝜃𝑟𝑟 ). (2.9)

With that is possible to write the rotor flux linkage differential, using the sinusoidal winding
for the stator phase 𝑎𝑎, as

𝑑𝑑 𝑟𝑟𝜆𝜆𝑆𝑆𝑆𝑆 = 𝜙𝜙𝑅𝑅𝑅𝑅

𝑁𝑁𝑆𝑆

2
𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃)𝑑𝑑𝑑𝑑 = 𝜅𝜅𝜅𝜅𝑚𝑚𝑙𝑙1𝑟𝑟𝑟𝑟𝑁𝑁𝑆𝑆 sin(𝜃𝜃 − 𝜃𝜃𝑟𝑟 )𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃)𝑑𝑑𝑑𝑑𝑑 (2.10)

Integrating Equation (2.10) from 0 to 𝜋𝜋 gives

𝑟𝑟𝜆𝜆𝑆𝑆𝑆𝑆 =
∫ 𝜋𝜋

0
𝜅𝜅𝜅𝜅𝑚𝑚𝑙𝑙1𝑟𝑟𝑟𝑟𝑁𝑁𝑆𝑆 sin(𝜃𝜃 − 𝜃𝜃𝑟𝑟 )𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃)𝑑𝑑𝑑𝑑 = 𝜅𝜅𝜅𝜅𝑚𝑚𝑙𝑙1𝑟𝑟𝑟𝑟𝑁𝑁𝑆𝑆

𝜋𝜋

2
cos(𝜃𝜃𝑟𝑟 ) := 𝐾𝐾𝑚𝑚 cos(𝜃𝜃𝑟𝑟 ),

(2.11)
which defines the torque constant 𝐾𝐾𝑚𝑚.

2.1.3. Stator Resistance from Physical Dimensions
The stator resistance is greatly defined by the length of the wire used in the winding, which
greatly depends on how it is wound. Figure 2.2 shows how one loop is wound in the stator.

𝑙𝑙1

𝑙𝑙3
𝑙𝑙2

𝑔𝑔

𝛼𝛼𝑝𝑝

Figure 2.2 3D view of the PMSM with the stator and rotor, showing the stator length 𝑙𝑙1, stator
outer diameter 𝑙𝑙3, stator inner diameter 𝑙𝑙2, air gap 𝑔𝑔 and winding with pitch angle 𝛼𝛼𝑝𝑝 .

Figure 2.2 shows a single loop of winding. This winding is made with a wire of diameter
𝜙𝜙𝑤𝑤 , and it is of a distributed winding type with pitch angle 𝛼𝛼𝑝𝑝 . Assuming no skin and proximity
effects, the resistance 𝑅𝑅𝑆𝑆 of the stator winding can be estimated from the total length 𝑙𝑙𝑠𝑠 of wire
used in the stator, its cross section 𝑆𝑆𝑠𝑠 and the electrical resistivity of the wire 𝜌𝜌𝑒𝑒𝑒𝑒𝑒 using

𝑅𝑅𝑆𝑆 =
𝜌𝜌𝑒𝑒𝑒𝑒𝑒 𝑙𝑙𝑠𝑠

𝑆𝑆𝑠𝑠
. (2.12)

In a distributed winding stator, the total length of wire 𝑙𝑙𝑠𝑠 is given by the arc made by the
angle 𝛼𝛼𝑝𝑝 , which is assumed to be at the stator’s inner diameter 𝑙𝑙3, together with the length of
wire needed to traverse the stator’s length 𝑙𝑙1. Thus, the total length of wire is given by

𝑙𝑙𝑠𝑠 = (𝑙𝑙3𝛼𝛼𝑝𝑝 + 2𝑙𝑙1)𝑁𝑁𝑆𝑆𝑛𝑛𝑝𝑝𝑛𝑛 𝑓𝑓 , (2.13)
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where 𝑛𝑛 𝑓𝑓 is the number of phases, 𝑙𝑙3 is given by

𝑙𝑙3 = 𝑙𝑙2 + 2𝑔𝑔𝑔 (2.14)

Thus, the resistance of the stator winding is fully defined by the physical dimensions of the
motor as

𝑅𝑅𝑆𝑆 =
(𝑙𝑙3𝛼𝛼𝑝𝑝 + 2𝑙𝑙1)𝑁𝑁𝑆𝑆𝑛𝑛𝑝𝑝𝑛𝑛 𝑓𝑓 𝜌𝜌𝑒𝑒𝑒𝑒𝑒

𝑆𝑆𝑠𝑠
. (2.15)

2.2. Gearbox and Ball Screw
The gearbox and ball screw mechanisms are modeled in a very simplified way, assuming
a constant efficiency 𝜂𝜂𝑔𝑔 and 𝜂𝜂𝑏𝑏𝑏𝑏 for the gearbox and ball screw, respectively. Each of the
mechanisms is modeled as a simple torque and speed transformation, given by

𝜏𝜏𝑜𝑜𝑜𝑜𝑜𝑜 = 𝜂𝜂𝑔𝑔𝐺𝐺𝐺𝐺𝑖𝑖𝑖𝑖,

𝜔𝜔𝑜𝑜𝑜𝑜𝑜𝑜 =
𝜔𝜔𝑖𝑖𝑖𝑖

𝐺𝐺
,

(2.16)

for the gearbox, where 𝐺𝐺 is the gear ratio, 𝜏𝜏𝑖𝑖𝑖𝑖 and 𝜔𝜔𝑖𝑖𝑖𝑖 are the input torque and speed,
respectively, and 𝜏𝜏𝑜𝑜𝑜𝑜𝑜𝑜 and 𝜔𝜔𝑜𝑜𝑜𝑜𝑜𝑜 are the output torque and speed, respectively. The ball screw is
modeled in a similar way, given by

𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 = 𝜂𝜂𝑏𝑏𝑏𝑏
2𝜋𝜋
𝑝𝑝
𝜏𝜏𝑖𝑖𝑖𝑖,

𝑣𝑣𝑜𝑜𝑜𝑜𝑜𝑜 =
𝑝𝑝

2𝜋𝜋
𝜔𝜔𝑖𝑖𝑖𝑖,

(2.17)

where 𝑝𝑝 is the pitch of the ball screw, 𝜏𝜏𝑖𝑖𝑖𝑖 and 𝜔𝜔𝑖𝑖𝑖𝑖 are the input torque and speed, respectively,
and 𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 and 𝑣𝑣𝑜𝑜𝑜𝑜𝑜𝑜 are the output force and speed, respectively.

3. Controller
To be able to evaluate the performance of the EMA over the drive cycle, a control strategy
that allows the EMA to follow the desired trajectory needs to be defined. This can be achieved
by following [8] and using a standard field-oriented control with feedback linearization, P
controllers for the currents and velocity and a PI controller for the position. The controller
gains are in turn chosen using the LQR method, allowing the efficient computation of the
optimal controller gains for a given set of system parameters.

3.1. Field-oriented Control
The field-oriented control (FOC) is a widely used control strategy for PMSMs, which allows
decoupling of the torque and flux control. The FOC is based on the transformation of the
stator currents and voltages from the stationary reference frame to the rotating reference frame,
which is aligned with the rotor magnetic field, known as the d-q reference frame.

To transform Equation (2.1) to the d-q reference frame, one simply rotates the stator
currents and voltages by the electrical angle 𝑛𝑛𝑝𝑝𝜃𝜃 using the counter-clockwise rotation matrix
[8]. Applying the transformation to the PMSM model given by Equation (2.1), resulting in the
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[8]. Applying the transformation to the PMSM model given by Equation (2.1), resulting in the
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following equations in the d-q reference frame

𝐿𝐿𝑆𝑆

𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −𝑅𝑅𝑆𝑆𝑖𝑖𝑑𝑑 + 𝑛𝑛𝑝𝑝𝐿𝐿𝑆𝑆𝜔𝜔𝜔𝜔𝑞𝑞 + 𝑢𝑢𝑑𝑑 ,

𝐿𝐿𝑆𝑆

𝑑𝑑𝑑𝑑𝑞𝑞

𝑑𝑑𝑑𝑑
= −𝑅𝑅𝑆𝑆𝑖𝑖𝑞𝑞 − 𝑛𝑛𝑝𝑝𝐿𝐿𝑆𝑆𝜔𝜔𝜔𝜔𝑑𝑑 − 𝐾𝐾𝑚𝑚𝜔𝜔 + 𝑢𝑢𝑞𝑞 ,

𝐽𝐽
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝐾𝐾𝑚𝑚𝑖𝑖𝑞𝑞 − 𝑓𝑓 (𝜔𝜔) − 𝜏𝜏𝐿𝐿 ,

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝜔𝜔𝜔

(3.1)

where 𝑖𝑖𝑑𝑑 and 𝑖𝑖𝑞𝑞 are the d-axis and q-axis stator currents, respectively, and 𝑢𝑢𝑑𝑑 and 𝑢𝑢𝑞𝑞 are the
d-axis and q-axis stator voltages, respectively.

For a given reference trajectory 𝑟𝑟 (𝑡𝑡) =

𝜃𝜃ref (𝑡𝑡) 𝜔𝜔ref (𝑡𝑡) 𝛼𝛼ref (𝑡𝑡)

𝑇𝑇 , it is possible to
calculate the reference state and control inputs trajectories needed to follow the reference
trajectory. By considering its steady-state condition, it is possible to obtain the 𝑖𝑖𝑑𝑑𝑑ref that
maximizes the torque, which in turn allows the obtention of 𝑖𝑖𝑞𝑞𝑞ref from 𝜔𝜔ref and 𝛼𝛼ref. With
those, the reference voltages needed to follow the 𝑟𝑟 (𝑡𝑡) directly follow.

With the reference system dynamics and control inputs, it is possible to create error
dynamics by subtracting the reference dynamics from the system dynamics in Equation
(3.1). This results in a nonlinear system that can be linearized using the following feedback
linearization [8]

𝑢𝑢𝑑𝑑 = −𝑛𝑛𝑝𝑝𝐿𝐿𝑆𝑆𝜔𝜔𝜔𝜔𝑞𝑞 + 𝑢𝑢𝑑𝑑𝑑ref + 𝑛𝑛𝑝𝑝𝐿𝐿𝑆𝑆𝜔𝜔ref𝑖𝑖𝑞𝑞𝑞ref − 𝐿𝐿𝑆𝑆𝑣𝑣𝑑𝑑 ,
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𝒗𝒗, (3.3)
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
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𝑇𝑇 , for which a state feedback controller can be designed using the LQR
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The setup of the LQR problem consists of finding the control input 𝒖𝒖(𝑡𝑡) that minimizes the
quadratic cost functional

𝐽𝐽 =
∫ ∞

0


𝒆𝒆(𝑡𝑡)𝑇𝑇𝑄𝑄𝒆𝒆(𝑡𝑡) + 𝒖𝒖(𝑡𝑡)𝑇𝑇𝑅𝑅𝒖𝒖(𝑡𝑡)


𝑑𝑑𝑑𝑑𝑑 (3.4)

where 𝑄𝑄 is a positive semi-definite matrix and 𝑅𝑅 is a positive definite matrix. For a system
given by

𝑑𝑑𝒙𝒙

𝑑𝑑𝑑𝑑
= 𝐴𝐴𝒙𝒙(𝑡𝑡) + 𝐵𝐵𝒖𝒖(𝑡𝑡), (3.5)
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the LQR problem consists of finding the control input 𝒖𝒖(𝑡𝑡) that minimizes the cost functional
of Equation (3.4), subject to the system dynamics of Equation (3.5).

This optimal control problem (OCP), for the linear systems, has an analytical solution
given by the state feedback law, that is, a function 𝒖𝒖(𝑥𝑥(𝑡𝑡)) that minimizes the cost functional
of Equation (3.4), given by

𝒖𝒖(𝑡𝑡) = −𝑅𝑅−1𝐵𝐵𝑇𝑇𝑆𝑆(𝑡𝑡)𝑥𝑥(𝑡𝑡), (3.6)

where 𝑆𝑆 is the solution of the matrix Riccati equation. To simplify the notation, the Kalman
gain matrix is defined as

𝐾𝐾 (𝑡𝑡) = 𝑅𝑅−1𝐵𝐵𝑇𝑇𝑆𝑆(𝑡𝑡). (3.7)

Since the matrix 𝐾𝐾 (𝑡𝑡) saturates to a constant matrix 𝐾𝐾 as 𝑡𝑡 → ∞ [6], it is then possible to use
what is known as the suboptimal control law, given by

𝒖𝒖(𝑡𝑡) = −𝐾𝐾 (∞)𝑥𝑥(𝑡𝑡). (3.8)

To calculate the Kalman gain matrix 𝐾𝐾 (∞), one solves the algebraic Riccati equation, given by

0 = 𝐴𝐴𝑇𝑇𝑆𝑆 + 𝑆𝑆𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑆𝑆−1𝐵𝐵𝑇𝑇𝑆𝑆 +𝑄𝑄𝑄 (3.9)

yielding the steady-state solution 𝑆𝑆(∞), which can be used to calculate the steady-state Kalman
gain matrix 𝐾𝐾 (∞) using Equation (3.7).

3.3. Controller Summary
By defining state and an input penalizing matrices 𝑄𝑄 and 𝑅𝑅, it is possible to calculate the
optimal state feedback gain matrix 𝐾𝐾 (∞) by simply solving the algebraic Riccati Equation
(3.9). This can be done using standard numerical methods optimized for this task and available
in scientific computing libraries in Python [9], turning the lower level problem of finding the
controller gains into a computationally efficient task.

The advantages of using the LQR method in this context are that solving the OCP is
computationally efficient and that the resulting controller has good robustness properties [6],
which is important since the same decision matrices 𝑄𝑄 and 𝑅𝑅 are used for all the different
EMA design attempts made by the optimizer.

It is important to note that the controller itself is based on a linearized model of the EMA,
thus, it is not necessarily optimal for the nonlinear system. However, it is a good starting point
and it is also representative of the controllers used in practice.

4. Optimization Problem Formulation
With the model and controller defined, the optimization problem can be formulated. The goal
of the optimization problem is to find the design variables that minimize the cost function,
while satisfying the constraints. The design variables are the physical dimensions of the EMA,
which in turn define the parameters of the model. In the next subsections, the cost function
of the upper problem is motivated and defined, the constraints are defined and the design
variables are presented.

4.1. Cost Function
To examine the usefulness of considering the whole drive cycle in the optimization problem,
the optimization of an EMA for a crane application is considered. This kind of application is
nowadays dominated by hydraulic actuators, which have a high power density and are able to
deliver high forces. To compete with hydraulic actuators, the designed EMA needs to have
similar characteristics. There are, however, some differences between the two technologies that
can be more easily accommodated in a crane application. One of those differences is related to
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the power density, it is probably much easier to accommodate a higher length than a larger
diameter, thus, the power density might not be as critical as the diameter power density. This is
one of the considerations made in the cost function, instead of trying to minimize the volume
of the EMA, we try to minimize its diameter. Moreover, whatever the designed EMA is, it
should be able to closely follow the desired load trajectory while respecting the constraints, the
major ones being the maximum voltage and current that can be supplied to the EMA’s motor.

One of the major motivators of substituting hydraulic actuators with EMAs is the potential
increase in system efficiency. Thus, the cost function should also consider the efficiency of
the EMA over the drive cycle. This is done by considering the total dissipated energy, which
should be minimized. An important technical aspect to consider is that the optimizer might
suggest designs that are not able to follow the desired trajectory and or are unstable. Those
designs should be penalized in the cost function to prevent the optimizer from suggesting
EMAs that are close to those designs, and thus, wasting computational resources evaluating
those designs. This is done by penalizing the cost function with the squared residuals 𝒓𝒓 (𝑡𝑡) of
the solver used to simulate the EMA dynamics over the drive cycle.

The above considerations motivate the following cost function for the dynamic optimization
problem

𝐽𝐽dyn (𝒙𝒙(𝑡𝑡)) = 𝑤𝑤1

∫ 𝑇𝑇

0

𝑒𝑒𝜃𝜃 (𝑡𝑡)2

max( |𝜃𝜃ref (𝑡𝑡) |)
𝑑𝑑𝑑𝑑 + 𝑤𝑤2𝑙𝑙2 + 𝑤𝑤3

1
𝐸𝐸ref

∫ 𝑇𝑇

0
𝑃𝑃loss (𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑤𝑤4

∫ 𝑇𝑇

0
∥𝒓𝒓 (𝑡𝑡)∥2𝑑𝑑𝑑𝑑𝑑

(4.1)
where the first term penalizes the position tracking error, the second term penalizes the diameter
of the EMA, the third term penalizes the total energy loss over the drive cycle, and the fourth
term penalizes the residuals of the EMA dynamics. The weights 𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 and 𝑤𝑤4 are used
to balance the different terms in the cost function, and 𝐸𝐸ref is given by

𝐸𝐸ref =
∫ 𝑇𝑇

0
|𝐹𝐹ref (𝑡𝑡)𝑣𝑣ref (𝑡𝑡) |𝑑𝑑𝑑𝑑𝑑 (4.2)

The other normalization terms in Equation (4.1) are used to make the different terms in
the cost function have similar magnitudes.

For the static optimization approach, the cost function is similar to Equation (4.1), but
instead of integrating over the entire drive cycle, only a few significant design points are
considered in the drive cycle. Thus, the cost function for the static approach is given by

𝐽𝐽stat (𝒙𝒙) = 𝑤𝑤2𝑙𝑙2 + 𝑤𝑤3
1
𝐸𝐸ref

𝑁𝑁𝑑𝑑𝑑𝑑∑︁
𝑘𝑘=1

𝑃𝑃loss,𝑘𝑘Δ𝑡𝑡𝑘𝑘 (4.3)

where 𝑁𝑁𝑑𝑑𝑑𝑑 is the number of design points considered, Δ𝑡𝑡𝑘𝑘 is the time spent at design point 𝑘𝑘 ,
𝑃𝑃loss,𝑘𝑘 is the power loss at design point 𝑘𝑘 .

4.2. Constraints
One of the main constraints in designing an EMA is the maximum voltage and current that can
be supplied to its motor. In real applications, another important constraint is the thermal limits
of the motor, which are usually the limiting factor in the motor’s power density. However, the
main focus of this work is to show the potential of considering the entire drive cycle in the
optimization problem, and thus, it suffices to consider only the electrical constraints, given by

𝑢𝑢mag (𝑡𝑡) =
√︃
𝑢𝑢𝑑𝑑 (𝑡𝑡)2 + 𝑢𝑢𝑞𝑞 (𝑡𝑡)2 ≤𝑢𝑢max,

𝑖𝑖mag (𝑡𝑡) =
√︃
𝑖𝑖𝑑𝑑 (𝑡𝑡)2 + 𝑖𝑖𝑞𝑞 (𝑡𝑡)2 ≤𝑖𝑖max,

(4.4)

where 𝑢𝑢max and 𝑖𝑖max are the maximum voltage and current magnitude that can be supplied to
the motor, respectively.
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The constraints of Equation (4.4) need to be satisfied at each time instant. To enforce those
constraints in the dynamic optimization approach, the penalty method is used, adding the
following penalty terms to the cost function

𝐺𝐺dyn (𝒙𝒙(𝑡𝑡)) = 𝑤𝑤5max
�
0,max(𝑢𝑢mag (𝑡𝑡)) − 𝑢𝑢max

2 + 𝑤𝑤5max
�
0,max(𝑖𝑖mag (𝑡𝑡)) − 𝑖𝑖max

2
, (4.5)

where 𝑤𝑤5 is the penalty weight.
The static approach needs to consider the constraints of Equation (4.4) at each design point

𝑘𝑘 , but to account for the steady-state dynamics, there is an additional constraint that needs to be
satisfied, the residual of the steady-state dynamics 𝒓𝒓𝑘𝑘 , that is, the right hand side of Equation
(3.1) with the derivatives zeroed out and evaluated at design point 𝑘𝑘 . Since the steady-state,
optimization-driven design needs to satisfy a set of constraints at every operating point, the
problem is much more sensitive, and it was therefore also necessary to penalize non-integer
values of the number of pole pairs 𝑛𝑛𝑝𝑝 and the number of turns per phase 𝑁𝑁𝑆𝑆 . The constraints
are enforced, in a similar way as in the dynamic case, that is, by adding the following penalty
terms to the cost function

𝐺𝐺stat (𝒙𝒙) = 𝑤𝑤6

𝑁𝑁𝑑𝑑𝑑𝑑∑︁
𝑘𝑘=1

sin(𝜋𝜋𝜋𝜋𝑝𝑝)2 + sin(𝜋𝜋𝜋𝜋𝑆𝑆)2 + 𝑤𝑤7

𝑁𝑁𝑑𝑑𝑑𝑑∑︁
𝑘𝑘=1

𝒓𝒓𝑇𝑇𝑘𝑘 𝒓𝒓𝑘𝑘 + 𝐺𝐺dyn (𝒙𝒙𝑘𝑘), (4.6)

4.3. Design Variables
The design variables are the physical dimensions of the EMA, which in turn define the
parameters of the model. The design variables are given, together with their respective bounds,
in Table 4.1.

Table 4.1 Design variables and their respective lower and upper bounds, 𝒍𝒍𝒃𝒃 and 𝒖𝒖𝒃𝒃 , respectively.
Design variable Description 𝒍𝒍𝒃𝒃 𝒖𝒖𝒃𝒃 Dynamic Static

𝑛𝑛𝑝𝑝 Number of pole pairs 1 6 Yes Yes
𝑙𝑙2 Stator diameter [m] 0.01 0.3 Yes Yes
𝑙𝑙1 Stator length [m] 0.1 1 Yes Yes
𝑁𝑁𝑆𝑆 Number of turns per phase 1 40 Yes Yes
𝑔𝑔 Air gap [m] 0.001 0.01 Yes Yes
𝛼𝛼 Winding angle [rad] 𝜋𝜋

20 𝜋𝜋 Yes Yes
𝑔𝑔𝑟𝑟1 First gear ratio 1 6 Yes Yes
𝑔𝑔𝑟𝑟2 Second gear ratio 1 6 Yes Yes
𝑝𝑝 Ball screw pitch [m] 0.01 1 Yes Yes
𝑢𝑢𝑞𝑞𝑘𝑘 Voltage at design point 𝑘𝑘 [V] −𝑢𝑢max 𝑢𝑢max No Yes
𝑖𝑖𝑞𝑞𝑘𝑘 Current at design point 𝑘𝑘[A] −𝑖𝑖max 𝑖𝑖max No Yes

The chosen design variables allow one to fully define the EMA model, at least in the
simplified form presented in this work. One should note that the design variables in the static
approach include the voltages and currents at the design points, since those are needed to
satisfy the steady-state dynamics at those points.

4.4. Overview and Setup
The dynamic and static optimization approaches were presented, an overview of how they were
implemented is shown in Figure 4.1.

Both the static and dynamical optimization approaches were implemented using the same
optimizer, Scipy’s Differential Evolution [10], based on [11, 12]. A population size of 14
individuals was used, with a maximum of 1000 generations. The chosen weights are given in
Table 4.2.
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implemented is shown in Figure 4.1.

Both the static and dynamical optimization approaches were implemented using the same
optimizer, Scipy’s Differential Evolution [10], based on [11, 12]. A population size of 14
individuals was used, with a maximum of 1000 generations. The chosen weights are given in
Table 4.2.
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Figure 4.1 Schematic representation of the dynamic and static optimization approaches.

Table 4.2 Weights used in the cost functions and constraints.
Weight 𝑤𝑤1 𝑤𝑤2 𝑤𝑤3 𝑤𝑤4 𝑤𝑤5 𝑤𝑤6 𝑤𝑤7

Value Dynamic 100 1 · 10−3 1 · 106 1 1 · 103 N/A N/A
Value Static N/A 1 · 10−3 1 · 103 N/A 1 · 105 1 · 1010 1 · 105

As can be seen in Table 4.2, the weights used in the dynamic approach are different from
those used in the static approach. This is due to the different nature of the two approaches,
which makes it necessary to tune the weights for each approach separately. The weights were
tuned, however, so that the constraints are satisfied in both approaches. It should be noted,
however, that the weights were tuned using a simple heuristic approach, and no systematic
exploration of the Pareto front was conducted. Thus, the results could be improved further by
choosing where in the Pareto front one wants to be, and then tuning the weights accordingly,
allowing for a better trade-off between the different objectives.

For the static approach, four design points were considered: maximum torque and speed;
half the maximum speed and maximum torque; half the maximum torque and maximum speed
point; and one that has an additional torque term to account for the acceleration, where the
acceleration was chosen as the maximum acceleration in the drive cycle together with the
maximum torque and speed. Those points were chosen after several attempts; they are not only
somewhat representative of the drive cycle but also give the best results found in terms of the
dynamical performance of the designed EMA.

The chosen drive cycle is shown as the reference position and velocity in Figure 5.1. The
drive cycle emulates a simplified crane operation, where a load of 1 · 104 N is lifted to a height
of 10 cm, held there for 1 s, and then lowered back to the initial position, where a resting
time of 1 s is applied. The load is zero whenever the position is zero, simulating a load being
lifted from the ground. The total duration of the drive cycle in the dynamic optimization is 5 s,
although it is simulated for 11 s in all figures to show more of the performance. This drive
cycle was chosen because it has a wide dynamic range, as is typical for crane applications.

For the dynamical optimization approach, the controller matrices 𝑄𝑄 and 𝑅𝑅 were chosen as
𝑄𝑄 = diag(5 · 101, 5 · 101, 1 · 106, 1 · 102, 1 · 104) and 𝑅𝑅 = diag(1, 1), where diag is the diagonal
matrix. Those matrices were chosen as a trade-off between performance and control effort.
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5. Results
The optimization results shown are selected as the best design found in several attempts. The
best design is chosen first by considering the constraints satisfaction, and then by the cost
function value. The optimization for the dynamic approach took around 2.94 hours to complete,
while the static approach took around 5.1 minutes to complete in the same machine, a standard
desktop computer. At this point it must be emphasized that all the solutions found in the
dynamic approach were respecting the constraints and had around the same characteristics. In
contrast, in the static approach, the constraints are sometimes not satisfied and, even when they
are, the characteristics of the solutions vary significantly, which makes it necessary to perform
several attempts to find a good design.

The best found designs for both approaches are shown in Figure 5.1, where the position
and velocity tracking are shown together.
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Figure 5.1 Position 𝑥𝑥 and velocity 𝑥𝑥 tracking over the drive cycle for both optimization
approaches. Within the figure, the reference trajectory is shown with subscript 𝑟𝑟 , the designed
EMA using the dynamic approach with subscript 𝑑𝑑 and the designed EMA using the static
approach with subscript 𝑠𝑠.

The designed EMA using the dynamic approach was able to closely follow the desired
trajectory, with very small position and velocity errors. The designed EMA using the static
approach was also able to follow the desired trajectory, although not as closely. It is important
to note that both designs are simulated using the same LQR controller structure with design
matrices 𝑄𝑄 and 𝑅𝑅 defined as in the dynamic optimization approach, yielding the best gain
matrix 𝐾𝐾 for each design and allowing consistent comparison. However, it is possible to obtain
better tracking performance for the static design by changing the design matrices, although
this comes at the cost of increased control effort.

One very important design objective is to choose an EMA that respects the electrical
constraints while being able to deliver the needed tracking performance. The current and
voltage magnitudes over the drive cycle for both designs are shown in Figure 5.2, where the
solid lines represent the designed EMA using the dynamic approach, while the dashed lines
represent the designed EMA using the static approach.

As can be seen in Figure 5.2, the designed EMA using the dynamic approach is able to
respect the electrical constraints, represented as 𝑢𝑢max for the voltage and 𝑖𝑖max for the current.
𝑢𝑢𝑚𝑚𝑚𝑚𝑚 hits the constraint at all points of maximum positive acceleration, while the current 𝑖𝑖𝑚𝑚𝑚𝑚𝑚

does not hit the constraint at any point. On the other hand, the designed EMA using the static
approach is not close to violating any electrical constraints, but the voltage magnitude 𝑢𝑢𝑚𝑚𝑚𝑚𝑚 is
very low compared to the maximum allowed voltage, at the cost of having a higher current
magnitude 𝑖𝑖𝑚𝑚𝑚𝑚𝑚 , not ideal for efficiency.

It is important to evaluate the efficiency of the designed EMAs over the drive cycle. The
total energy losses for both designs depend on the losses in the PMSM, for which the model
only considers the copper losses, and the losses in the ball screw and gears, which are the same
regardless of the resulting EMA design since they were defined as having simple constant
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Figure 5.2 Current and voltage magnitudes over the drive cycle for both optimization
approaches.

efficiencies. Thus, the only relevant comparison is the copper losses in the PMSM. The total
copper losses to complete the trajectory shown in Figure 5.1 are 58 J for the dynamic design
and 257 J for the static design, showing a difference in copper losses of approximately a factor
of four between the two designs.

A natural question that arises is how the designed EMAs perform outside the drive cycle
used in the optimization. This is reasonable to ask since the real world application is very rich
in terms of possible trajectories that the EMA might need to follow. To evaluate this, both
designs were simulated over a different drive cycle, one that both designs were not optimized
for. The new drive cycle is shown as the reference position and velocity in Figure 5.3. This
drive cycle is essentially the same as in the previous case, but with half the time to go from the
initial height to the final height, thus having twice the velocity.
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Figure 5.3 Position 𝑥𝑥 and velocity 𝑥𝑥 tracking over a different than optimized drive cycle
for both optimization approaches. Within the figure, the reference trajectory is shown with
subscript 𝑟𝑟 , the designed EMA using the dynamic approach with subscript 𝑑𝑑 and the designed
EMA using the static approach with subscript 𝑠𝑠.

As can be seen in Figure 5.3, both designs have similar tracking performance over the new
drive cycle, with the static design now performing even worse at tracking the reference. The
currents and voltages over this new drive cycle are, as expected, higher than in the previous
case, and for both designs it is exceeded at several points. One could simulate the system with
restrictions on the maximum current and voltages, then, instead of the trajectory being followed
at the cost of the constraints, the constraints would be kept at the cost of tracking. The former
was chosen since it is much easier to implement and gives essentially the same conclusion but
from a different perspective. The maximum 𝑢𝑢𝑚𝑚𝑚𝑚𝑚 = 1359.99 V and 𝑖𝑖𝑚𝑚𝑚𝑚𝑚 = 274.09 A for the
dynamic design, while for the static design 𝑢𝑢𝑚𝑚𝑚𝑚𝑚 = 141.32 V and 𝑖𝑖𝑚𝑚𝑚𝑚𝑚 = 197.47 A. The total
copper losses to complete this new trajectory are 131 J for the dynamic design and 261 J for
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the static design. Although the dynamic design became relatively worse in percentage terms,
its total energy loss was much lower than that of the static design.

Another major aspect to be considered in the design of EMAs is their diameter, which
was considered in the cost function. The diameter, together with the other physical decision
variables of both designs, is shown in Table 5.1.

Table 5.1 Design variables of the best found designs for both optimization approaches.
Design variable 𝑛𝑛𝑝𝑝 𝑙𝑙2 [m] 𝑙𝑙1 [m] 𝑁𝑁𝑆𝑆 𝑔𝑔 [mm] 𝛼𝛼 [rad] 𝑔𝑔𝑟𝑟1 𝑔𝑔𝑟𝑟2 𝑝𝑝 [mm]

Dynamic 1 0.1 0.99 40 1.32 0.449 1.906 2.18 38.89
Static 1 0.103 0.97 40 9.47 1.53 2.36 4.86 252.23

Table 5.1 shows that the dynamic design has a slightly smaller diameter than the static
design, at the cost of having a bigger length. This means that the dynamic design has not only
better performance in terms of tracking and efficiency, but also in terms of size. It should
also be noted that the dynamic design not only converged to a solution with smaller air gap 𝑔𝑔,
but also to a solution where the operational velocity of the PMSM is much higher, a result
of the different gear ratios and ball screw pitch. Both aspects are important in the design of
high-performance PMSMs.

In contrast, the static design converged to a relatively large air gap, close to the upper
bound of the admissible range. Since the PMSM is being optimized for efficiency, one would
expect a solution closer to the minimum allowable 𝑔𝑔, as observed in the dynamic design. The
reason for this behavior is not entirely clear, however, one possible explanation is that the static
optimization problem has a larger number of local minima, increasing the likelihood that the
optimizer becomes trapped in such regions.

Another important aspect of the results is that 𝑙𝑙1, 𝑙𝑙2, 𝑁𝑁𝑆𝑆 and 𝑛𝑛𝑝𝑝 were found by the dynamic
design approach to be optimal at their bounds, showing that one could obtain better designs
if the maximum number of turns and the maximum length were increased. The diameter 𝑙𝑙2
was considered in the cost function directly, thus, the fact that the optimizer found the optimal
value to be at the bound of 𝑙𝑙2 suggests that more efficient designs could be obtained if one
were to allow softer restrictions regarding the diameter or by choosing a smaller 𝑤𝑤2.

6. Conclusions
This paper compared two preliminary EMA design strategies for a mobile machinery drive
cycle: a dynamic approach that evaluates each candidate design by simulating the full trajectory
with a feedback-linearized, LQR-tuned controller, and a static multi–design-point approach
that enforces steady-state equations at a few representative operating points. The main finding
of this work is not only to reiterate the importance of considering the entire drive cycle in the
optimization problem, but also to show that it is possible to do so at a reasonable computational
cost by using simplified models and efficient optimal control techniques, allowing the problem
to be solved without solving the full OCP, but rather a simpler LQR problem that can be solved
efficiently. As seen, although the computational cost of the dynamic approach is significantly
higher for one optimization round, the static approach required several attempts to find a
marginally acceptable design, making the dynamic approach more efficient in practice.

As discussed, the designs in Table 5.1 are not valid for the actual design of real EMAs,
since the model purposely neglects several important aspects that are usually the limiting
factors, such as thermal limits, saturation effects and more complete loss models. Moreover, the
considered drive cycle is oversimplified and choosing a representative one was not addressed.
The main goal of this work is, however, to show the potential of considering the entire drive
cycle in the optimization problem without neglecting the dynamics of the EMA, a picture that
was clearly shown by the results, where every designed aspect considered was significantly
better for the dynamic approach.
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The significantly lower losses of the dynamic approach result from the model considering
only copper losses: by respecting electrical constraints while tracking trajectories, it finds
designs that require lower currents. While more complete models with iron losses would
reduce the relative loss difference between approaches, the dynamic approach is expected to
remain superior due to its consideration of full EMA dynamics over the drive cycle.

7. Future Work
Future work should address four main areas: incorporating more complete EMA models
including thermal limits, saturation effects, and iron losses to enable realistic preliminary
designs; validating the simplified optimization-oriented models; comparing the LQR-based
control approach against full OCP solutions to assess the optimality gap in this system; and the
pareto front of the different designs, that is, how the different weights in the cost function affect
the resulting design. This would allow for a better understanding of the trade-offs involved in
the design of EMAs for mobile machinery applications. Those improvements would allow
much better preliminary design of EMAs, reducing the number of refinements needed using
more complete finite element models.
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